We construct all possible Weyl invariant actions in d = 4 for linearized spin three field in a general gravitational background. The first action is obtained as the square of the generalized Weyl tensor for a spin three gauge field in nonlinear gravitational background. It is, however, not invariant under spin three gauge transformations. We then construct two other nontrivial Weyl but not gauge invariant actions which are linear in the Weyl tensor of the background geometry. We then discuss existence and uniqueness of a possible linear combination of these three actions which is gauge invariant. We do this at the linear order in the background curvature for Ricci flat backgrounds.
Introduction
Conformal gravity has attracted considerable attention during the last thirty years [1] - [12] , parallel to the development of higher spin gauge field theories [13] , [14] 1 . It remained an intriguing task to combine these two developments and to construct an interacting higher spin conformal gauge field theory. These two generalizations and extensions of ordinary gauge and gravity theories share many properties and problems related to the high level and complicated structure of gauge symmetries [15] - [19] and the necessity to include higher derivatives [20] - [22] which raises the issue of the unitarity (see the discussions in [23] - [25] ). The interest in these intriguing topics intensified during the last decade with new applications of conformal higher spin theories in the context of the AdS/CFT correspondence. Furthermore, the remarkable trivialization of the partition function in flat space [26] - [31] could be explained by the high level of gauge symmetry. The possibility to obtain the exact partition function in some conformal higher spin field configurations could prove useful for future nontrivial checks of the AdS/CFT conjecture. Studying conformal higher spins is also helpful for the construction of couplings of higher spin gauge fields to conformal currents [32] - [35] . This simple interaction allowed to perform some one loop calculations and to investigate the structure of conformal anomalies of higher spin fields [31] , [36] - [38] .
In this paper we consider four-dimensional conformal higher spin (spin 3) theory in a general curved background. We use the usual spin 2 Weyl symmetry (with scalar parameter) for the construction of generalized curvature and Weyl tensors from the spin 3 field. We construct the linearized spin 3 Weyl tensor with three covariant derivatives and one spin 3 field. The square of this tensor is our first conformal (Weyl) primary. This is done in a general curved background, thus extending the usual flat space higher spin Weyl tensor of [41] by additional terms containing the background curvature. Then, guided by ideas from spin 2 considerations and using the technology developed in [40] related to the supersymmetric case, we construct all possible primaries with conformal weight -4, which are linear in the background Weyl tensor. For this purpose we have constructed and investigated the conformal properties of the whole hierarchy of generalized spin 3 Christoffel symbols [41] in a curved background.
The main result of our paper is the derivation of a second nontrivial Weyl invariant (3.42) . The existence of this additional primary, quadratic in the generalized spin 3 1 In this rather technical contribution we do not pretend to cover all relevant references but only mention those which were important for our understanding of the issues involved here Christoffel symbols [41] and linear in the gravitational Weyl tensor, opens up the possibility to construct a unique Lagrangian which, besides being invariant under spin 2 and spin 3 Weyl transformations, is also invariant under spin-3 gauge transformations. This will also involve the more trivial Weyl primary (3.24) and the square of the spin 3 Weyl tensor. Unfortunately, for the time being, we were only able to prove invariance in Ricci (and therefore also Bach) flat backgrounds and to linear order in the background Weyl tensor. Even to achieve this required computer assistance. An interesting observation is that the combination obtained from the requirement of spin 2 Weyl symmetry and spin 3 gauge symmetry is automatically invariant under the spin 3 Weyl symmetry, where the spin 3 Weyl transformation is paramterized by a vector field and shifts of the trace of spin 3 gauge field.
More general backgrounds might be possible in the future. In this case one is confronted with the results of [29] [30] and also with discussions in [25] and later in [39] .
In the next section we give a complete description of the well known spin 2 case: how to construct conformal primaries and the construction of a unique gauge invariant action to all order on background curvature. In Section 3 we apply this technology to the spin three case and obtain all necessary Weyl primaries with conformal weight -4, including the most nontrivial one mentioned above as our main results. Then, in Section 4, we try to find a linear combination of the three conformal primaries to obtain a gauge invariant Lagrangian. This is a formidable task and we succeeded in doing this only for Ricci-flat backgrounds and to linear order in the background Weyl curvature. Details of the construction are relegated to three appendices.
Spin Two Example
In this section we demonstrate how the linearized conformal gravity action in d = 4 can be obtained from symmetry considerations alone. We show that possible Weyl invariant expressions can be combined into a unique gauge invariant action. To realize this idea we concentrate on the construction of possible primary fields L ∆ (g αβ , ∇ λ , h µν ) with weight ∆ with respect to local Weyl transformations, written in terms of the linearized gravitational field h µν and covariant derivatives ∇ µ in a general gravitational background g µν :
The Weyl transformations of background metric and the linearized spin two field are defined in a similar way
i.e. they are both symmetric spin two tensor primaries with conformal dimension 2.
The most interesting primaries are scalars with conformal dimension −4, because they can be used to construct Weyl invariant actions
Details of the notation and definitions can be found in Appendix A. Here we note only that it is convenient to introduce the notation σ µ = ∂ µ σ(x) for the gradient of the scalar parameter of the Weyl symmetry. Then e.g. formula (A.7) for the Weyl transformation of the Christoffel symbol can be written as
Using this we can investigate the Weyl transformation of second covariant derivatives of h µν , where the four indices have the symmetry of the Young Tableau "window" (curvature). For that we make symmetrization of indices of covariant derivatives (αβ) and then perform antisymmetrization of two pairs of indices [αµ] and {βν} 2 . Then correcting this variation with terms proportional to background Schouten tensor we came to the following nice transformation of the linearized curvature constructed from second derivatives:
3)
where
We use in this paper (. . . ) and < · · · > brackets for symmetrized sets and [. . . ] and {. . . } for antisymetric pairs of indices. No weight factor is included in the (anti)symmetrization, e.g.
is the linearized Christoffel symbol. To obtain primary fields we investigate the Weyl transformations of the linearized Ricci tensor and Ricci scalar, obtained as traces of (2.4). Then we find that the following combination transforms as
This allows us to integrate (2.4) in the form
We have thus constructed invariant linearized Weyl tensor (a primary field under Weyl transformations):
Note also that substraction of traces from (2.3) or from the same expression but without last two terms with background metric leads to the same results. So we can conclude that linearized Weyl tensor in general background is: 9) and it is a conformal primary:
The background Weyl tensor is also ∆ = 2 primary but without dependence on h µν . Having these two primaries we can construct: 1) One linear in linearized spin two field relevant (∆ = −4) primary 11) and corresponding invariant action produces correct equation of motion with Bach tensor for background metric:
2) One four derivative quadratic primary
3) And several two and zero derivative primaries quadratic in linearized field
We now turn to the Weyl variation of the linearized Christoffel symbol (2.5)
We see that traceless in µ, ν part of Christoffel symbol transforms in a way that quantity σ τ arises only with first τ index of symbol. Then taking in to account transformation low (2.6) we can guess the last nontrivial primary with four derivatives and second order on spin three gauge field:
with conformal weight -4: δL
Now we consider the linearized gauge invariance:
The main goal now is to find unique gauge invariant combination of the primaries presented above. To find that we start from gauge variation of the last one and try to cancel at least some part from variation of (2.13). Immediately we see that cancelation can be observed only up to total derivative terms and therefore gauge invariance exists only on the level of Weyl invariant actions (2.1) where corresponding Lagrangians are our −4 weight primaries (2.13)-(2.16) and (2.18). Doing in this direction and hiding long calculation in appendix B, we arrive to the following unique "gauge invariant" combination of our primaries
with the property that corresponding action transforms in respect to gauge transformation (2.20) as follows
3 Here L ǫ is Lie derivative in direction of gauge vector parameter ǫ µ in background metric g αβ defined
Therefore we prove that in the background with zero Bach tensor (conformal gravitational background) gauge and Weyl invariant action is:
Of course this action can be obtained from expansion of the action for conformal gravity:
up to second order on fluctuation h µν around general background g µν :
3 Linearized Weyl Tensor and Other Primaries for
Spin 3 Field
Now we construct Weyl tensor for spin 3 field in general gravitational background 4 .
To do that first of all we should define gravitational Weyl transformation for spin 3 field setting 4 for conformal dimension of third rank symmetric tensor h µνλ :
Using the same as in previous section convenient vector notation σ µ = ∂ µ σ(x) for gradient of scalar parameter of Weyl symmetry and investigating Weyl variation of the third covariant derivative of h µνλ with two set of three symmetrized indices, we arrive to the following basic object
Weyl transformation of which include only first derivative of scalar parameter σ µ . Another remarkable properties of this object is that after antisymmetrization over the index pairs 4 All notations are explained in the Appendix A {α, µ},{β, ν} and {γ, λ} we obtain index properties of Young Tableau with two row and three column and call it Riemann curvature for spin three linearized gauge field:
R αµ,βν,γλ = R βν,αµ,γλ = R αµ,γλ,βν = R γλ,βν,αµ , (3.4)
The last condition is first Bianchi identity for spin 3 curvature. Then we can observe that Weyl variation of curvature is linear on background metric
So we see that this, proportional to g αβ , variation of R αµ,βν,γλ can be completely removed by subtraction of traces from curvature R αµ,βν,γλ . To subtract traces we note first that due to symmetry properties we have unique first trace with one pair symmetric and another antisymmetric pair of indices and satisfying Bianchi identity obtaining from trace of (3.5)
The second trace we can take in two ways
Antisymmetrical properties of (3.11) connected with the fact that it is second trace of (3.3) with three antisymmetric pairs of indices.
Moreover the Bianchi identity (3.9) relates this two second traces:
To substruct traces from spin three curvatre we introduce analog of gravitational Schouten tensor in spin three case (d=4): 14) with the same symmetry properties as (3.8), (3.9) and define wanted spin three Weyl tensor in the form And we know from spin 2 consideration that it is not enough for gauge invariance. This action is not gauge invariant in general background: non invariance here is proportional to the curvature of the background and arose from the commutators of derivatives coming from definition of curvature with covariant derivative from gauge transformation of spin three field:
Therefore the expected solution of this problem is in the possible existence of other Weyl invariant primaries (but not gauge invariant) with four or two covariant derivatives and first or second order on background curvature. Then the resulting combination of Weyl invariant actions can compensate non invariance of (3.17) supplemented with some reasonable restriction on background metric g µν . To make the next step in this direction, we start looking at Weyl noninvariant part of spin three curvature written in terms of spin three Schouten tensor (3.14) and understand that the most interesting property of this tensor is it's Weyl transformation:
We see that this object transforms through the so called second spin three Christoffel symbol Γ (2) τ γ;λµν and it's traces. So we should turn to the spin three analog of Christoffel symbols so called FreedmandeWitt hierarchy of Christoffel symbols for higher spin case [41] . The hierarchy means that in this spin three case we have in addition to spin three curvature two other important objects: first and second Christoffel symbols with one and two covariant derivatives. First one is defined in unique way in general background:
with the following Weyl variation:
(1)
The second Christoffel symbol we can define through the first Christoffel symbol and curvature corrections in a way:
In this case Weyl transformation of (3.22) could be obtained only after enough long but straightforward calculations So we arrive to the following transformation rule
Comparing (3.23) with (2.17) we see that our second Christoffel symbol (last in hierarchy) could play a role of usual gravitational one and participate in construction of spin 3 generalization of the invariant (2.18).
In principal we have now all necessary ingredients to construct a spin three analog of invariant (2.18). The obstacle to construct it is only technical. But before we can easily construct analog of more simple primary (2.14) where linearized Weyl tensor contracted with background one and multiplied by trace of graviton field to get proper conformal weight.
It is clear that to get scalar combination from six and four rank traceless tensors we need some antisymmetric second rank tensor constructed from spin three field and one 5 Note that the last term of (3.23) can be also written through the first Christoffel symbol in some sophisticated way:
but we prefer expression (3.23) for simplicity.
derivative. Looking at the traces of transformations of first Christoffel symbol we can define the following primary:
where we used relation
To discover an analog of (2.18) we should change to more irreducible objects in respect to Weyl transformation. These are traceless parts of our spin three field and Christoffel symbols defined above: 28) and similar formulas for second Christoffel symbol: 
6 But index β of second Christoffel is out of this game.
where we introduced notation The most important point here is that the both sets start from primary field and end with nonprimary field constracted from previous one and from one covariant derivative. Then the cross coupled combination of them
is the primary tensor with weight four. In the same spirit we can introduce another primary tensor with two set of three symmetrized indices:
This weight zero primary (3.40) and corresponding first traces (3.41) we incorporate with our whole set (3.38) to construct the most nontrivial primary starting from background weyl tensor and square of second Christoffel tensor. This primary is playing role of analog of (2.18) in spin three case. The ideology of construction we described above and illustrated with some simple cases. 8 But the proof is so long and complicated that we put it in Appendix C, presenting here only the final result for this primary:
where we introduced new notation:
shifting second Christoffel symbol by gauge invariant in zero order on background curvature terms. This modified Christoffel symbol transforms without third line in (3.34).
On Gauge Invariant Action for Conformal Spin Three
In this section we address the final issue which is the construction of a Weyl and gauge invariant action for a spin 3 field in a background gravitational field. Following the prescription of [40] we can use approach described here for spin two. In other words we try to construct gauge invariant combination of Weyl invariant actions obtained from primary Lagrangians of the previous section. We should start from gauge variation
2)
8 It is worth to note that contracting second trace of primary (3.41) with background Bach tensor we quickly construct another Weyl invariant action:
constructed from square of spin three linearized Weyl tensor (3.17) and try to cancel this using partial integration with the variation of action from second nontrivial invariant action (3.42)
integrating remaining terms to other possible Weyl invariant part of action constructed from (3.24)
In contrast to Weyl invariance, this symmetry holds between Weyl primaries only up to total derivatives. We therefore use actions instead of primary lagrangians.
The full check of gauge invariance is very tedious, and an analytical treatment to all orders in the background curvature is out of reach. Instead with some experience we can guess the right combination and then check with the help of the computer. For this we used the Mathematica package xAct. Following the spin two case, presented in the Appendix B, we expect that a particular linear combination of the three Weyl invariant terms found in (4.2), (4.3) and (4.4), might be gauge invariant, at least to first order in background curvature. We showed this, with the help of the computer, with the further assumption of a Ricci flat background. This implies that Schouten and Bach tensors vanish and we therefore work to linear order in the Weyl tensor of the background geometry. Even this turned out to be a formidable task with the result
The Lagrangians S W 2 , S W ΓΓ and S W W were given in (3.17), (3.42) and (3.24). We choose this particular framework for two reasons: first it significantly shortens the computing time and second it gives the possibility to express the terms in a way where the variation problem could be reduced to the problem of solving a system of linear equations. Another long check of relation (4.5) leads us to results that the parameter ǫ µν in transformation (4.1) could be non traceless as it should be in Fronsdal theory. The last important relation is the following: The action we proposed in (4.5)
is not only conformal and gauge invariant in first order on background Weyl tensor, but invariant also in respect to spin 3 Weyl transformation (shifting of trace):
in the following way:
Conclusion and outlook
In this paper we investigated the structure of Weyl covariant primaries in d = 4. This primaries are relevant for using as a Weyl invariant Lagrangians, expressed through the corresponding members of hierarchy of generalized Christoffel symbols [41] and Weyl tensor for linearized spin 3 gauge field in general gravitational background. The main result is that in addition to the linearized spin 3 Weyl tensor corrected with background curvature terms we can construct additional nontrivial Weyl primary in full analogy with spin 2 case. This primary is linear in background Weyl tensor and quadratic in linearized second Christoffel symbol. This Christoffel symbol is the last before curvature in corresponding hierarchy for spin 3 case [41] . A possible combination of these primaries, in principal, can be interpreted as a gauge and Weyl invariant action with corresponding restriction on background geometry. This could be investigated in the future. Here we only briefly discuss the possible combination of these invariants in linear on background Weyl tensor approximation using computer calculations. Also it is reasonable in the future obtain connections with the results of [29] where authors using another methods claim that for gauge invariance in the second order on background curvature we should introduce interaction with additional spin one field. Unfortunately by technical reason, at the moment, we can make some checking of gauge invariance using computer only in first order on background Weyl tensor. Another reasonable task here to obtain better understanding of connections with the results of [39] and [30] .
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Appendix A. Notations and Conventions
We work in a d = 4 dimensional curved space with general metric g µν and use the following conventions for covariant derivatives and curvatures:
The corresponding local conformal transformations (Weyl rescalings)
are first oder in the infinitesimal local scaling parameter σ.
We then introduce the Weyl (W ) and Schouten (K) tensors, as well as the scalar J
which are more convenient because their conformal transformations are "diagonal".
To describe the Bianchi identity with these tensors, we have to introduce the so called Cotton tensor
(A.17)
All important properties of these tensors following from the Bianchi identity can then be listed as
Finally we introduce the last important conformal object in the above listed hierarchy, namely the symmetric and traceless Bach tensor
whose conformal transformation and divergence are expressed in terms of the Cotton and the Schouten tensors as follows This can be rewritten in the following form
where R αµ,βν is background curvature and L ǫ is Lie derivative in direction of gauge parameter vector ǫ τ :
So we see that the following improved linearized curvaturē
transforms covariantly:δR
Then after some calculations we can see that (B.4) can be rewritten using linearized Christoffel symbols (2.5) in the form:
and coincides with the linearized expansion of usual nonlinear curvature for general metric (2.25).
Expanding background curvatures on Weyl and Schouten tensors we obtain the following relations:
where R here is the same as in (2.3)
Then taking traces from (B.8) we arrive to the following variations 
This linearized curvature cares all symmetry properties of nonlinear Riemann curvature and satisfies also to usual first Bianchi identity. The second (differential) Bianchi identity for linearized curvature looks like
Using this and partial integration we can derive another important relation
Now we are good prepared to construct gauge and Weyl invariant action for spin 2 case. For that we should calculate gauge variation of Weyl invariant Lagrangian (2.18). Using (B.12) andδ
we obtainδ
Then doing partial integration and using relations (B.6) and (B.16) we arrive to the following intermediate formula:
To proceed more we should widely use relations:
and (A.26)-(A.28). Using these we arrive to the following variation:
Then investigating gauge variation of another Weyl invariant action (2.13) we derive:
Summing (B.23) and (B.24) we obtain
Finally investigating first three terms of r.h.s. of (B.26) we see due to (B.21)-(A.27) that
Combining with (B.26) we see that nonintegrable terms with L ǫ h ρ ρ cancel together and we arrive to the following final formula:
Therefore we prove that in the background with zero Bach tensor gauge and Weyl invariant action is (2.23)
Appendix C. Spin Three Details
Here we present the Weyl transformations of first two Christoffel symbols and corresponding traceless parts of them. For first Christoffel symbol transformation looks like:
then introducing notations
we collect all formulas for second Christoffel symbol:
We see that r.h.s of latter consists of three brackets and each of them is just traceless part of first term. To see cancelation of odd terms in this variation we present for completeness two more useful variations:
Summing last two variations we restore (C.17).
The next task is to construct analog of (2.18) in spin three case. For this we need to reconsider second Weyl invariant for spin three with Weyl tensor, one derivative and linearized spin 3 field. In this case we start from the same formula (4.1) and replace spin three field with corresponding traceless part:
Then using again (C.4) we obtain simply:
So we see that summing (C.18) and (C.19) we obtain exact Weyl invariant tensor with two set of symmetrized indices (αβγ) and (µνλ)
(C.20) 
This is Weyl invariant combination of Weyl tensor, spin 3 field and one covariant derivative with indices organized in a way of Riemann tensor, therefore it is spin 3 version of
coming from linearization (B.14) of gravitational Riemann tensor. So we can couple (C.21) with spin three Weyl tensor and obtain primary:
Trace of (C.22) is traceless symmetric tensor W αµ,βν h µν contracted with Schouten tensor K αβ in the last term of Weyl invariant (2.18). Therefore we can try to construct something similar in spin three case. For this purpose we can calculate trace of invariant (C.21)
Now we see that the last expression can be split up to the six primary fields:
Then first of all we see that
Moreover contracting with spin three Schouten tensor K µν;γλ and using Bianchi identity we arrive to the idea that under Bianchi projection the sum of second and third invariant is equal to first: I Then fifth invariant is also not independent and connected with fourtn.
Therefore we have only 4 independent invariants I
µν;γλ , I
µν;γλ and I (6) µν;γλ : The last one can be combined with first two to obtain invariant expression with Christoffel symbols with one symmetric and one antisymmetric pair of indices. This is necessary for integration to the square of second Christoffel symbols with the similar organization of indices in the future construction. 
This two primaries we can contract with traceless part of Schouten tensor K (T ) µν;γλ with the Weyl transformation (3.37). For first invariant tensor J (1) we have:
Now we start to analyze last expression. Considering variation of the proposed part of invariant δ[J (1) µν;γλ K µν;γλ
µν;γλ δK µν;γλ 37) and using (3.37) we should try to integrate variation (C.37) to terms second order on Γ (2)T ;T and linear in gravitational Weyl tensor. To integrate we should use variation (C.17) where unpleasant trace terms appear again. Doing that with help of the following relation
and after integration of some second order on Christoffel symbols terms we arrive to the reminder:
To cancel first term of (C.38) we should use the following general relation for remaining invariant (C.28)
µν;γλ K µν,γλ
So we see that taking A = 7 and adding (C.40) to the (C.38) we arrive to the some integrated terms (will collect later in general formula for integrated terms) and the following reminder:
To continue we should introduce some definitions
Note that (C.42)-(C.43) are Weyl invariant tensors. Then we see that after transformation and integration of some terms in first line of (C.41) using (3.36) and after applying the following important formula
to the second line of (C.41) we obtain miraculous cancelation of the all overall terms and we arrive to the following reminder expressed through the invariant tensors (C.42)-(C.43):
Before continue with this reminder we present the integrated terms during the whole procedure presented from formula (C.37)
Then to proceed with (C.45) we should use Weyl variations of the following two terms:
(C.48)
Combining with (C.45) we see that
It means that after all possible cancelation we arrive to the last term in r.h.s of (C.49). To cancel that we need to consider similar construction for another invariant J
µν;γλ (C.35). Starting now from
instead of (C.38) we have we obtain instead of (C.41)
).
(C.52)
Then the same miraculous cancelation leads instead of (C.45) to the following reminder:
and corresponding integrated terms instead of (C.46) is
Then in the similar way (see (C.50)) we can write integration rules for reminder (C.54)
Comparing last equation with the (C.50) we see that the following expression will be Weyl Invariant
Then multiplying (C.54) by 8 and summing with (3.22) we get in the first term of fifth line of (C.57). After this transformations we obtain: we arrive to the following compact two line formula: Then applying (C.60) and (C.62) to the first and second line of (C.58) we obtain corresponding cancelation of the last trace term of first line and reduction of terms in second line with the same combination of derivatives of Weyl tensors in brackets:
µν;γλ − 8J (2) µν;γλ + I is weight -4 primary field and can be used as a Weyl invariant Lagrangian.
